The impurities of exchange couplings, external magnetic fields and Dzyaloshinskii-Moriya (DM) interaction considered as Gaussian distribution, the entanglement in one-dimensional random XY spin systems is investigated by the method of solving the different spin-spin correlation functions and the average magnetization per spin. The entanglement dynamics at central locations of ferromagnetic and antiferromagnetic chains have been studied by varying the three impurities and the strength of DM interaction. (i) For ferromagnetic spin chain, the weak DM interaction can improve the amount of entanglement to a large value, and the impurities have the opposite effect on the entanglement below and above critical DM interaction.
I. INTRODUCTION
Entanglement is not only important in the quantum information processing (QIP), such as quantum teleportation, [1] dense coding, [2] quantum secret sharing, [3] quantum computation, [4] but also relevant to quantum phase transitions [5] in condensed matter physics. In order to realize quantum information process, great effort has been devoted to studying and characterizing the entanglement in cavity QED. [6−8] Now, much attention has been paid to the entanglement in spin systems, such as the Ising model [9] and all the kinds of Heisenberg XY XXZ XYZ models. [10−13] However; as far as we know, most discussions mentioned above merely focused on the models with spin exchange couplings, while Dzyaloshinskii-Moriya interaction has seldom been taken into account.
The antisymmetric DM interaction, introduced by Dzyaloshinskii and Moriya, is a combination of superexchange and spin-orbital interactions. In fact, some one-dimensional and two-dimensional spin models have manifested such interactions. [14, 15] Therefore, it is worthwhile including DM interaction in the studies of spin chain entanglement.
Impurities necessarily exist in real materials and their effects are more pronounced in condensed matter physics. Thus, it is important to study the effects of impurities in view of the possible realizations of one-dimensional ferromagnetic and antiferromagnetic chains. In the previous researches, the impurity effects on the quantum entanglement have been studied in a three-spin system [16, 17] and a large spin systems under zero temperature. [18] However, in these works, they have just studied single impurity.
Recently, Huang et al., [19] Osenda et al. [20] and we [21] have demonstrated that for a class of one-dimensional magnetic systems, entanglement can be controlled and tuned by introducing impurities into the systems. For the pure case, Osterloh et al. [22] examined the entanglement between two spins of position i and j in the spin chain as the system goes through quantum phase transition. They demonstrated that entanglement shows scaling behaviour in the vicinity of the transition point. For a two-qubit spin chain with DM interaction, researchers [23, 24] have considered thermal entanglement and teleportation. For a particular spin system the allowed components of the DM interaction are determined by the corrections to the energy symmetry of the spin complex. Since the DM terms break spin-spin rotational symmetry, we need to calculate how spin exchange couplings and DM interaction have effect on the entanglement and phase transition point. It is an interesting quantum phenomenon that the entanglement shares many features with quantum phase transition (QPT), QPT is a critical change in the properties of the ground state of a many body sys-tem due to modifications in the interactions among its constituents. The associated level crossings lead to the presence of non-analyticities in the energy spectrum. Therefore, the knowledge about the entanglement, the non-local correlation in quantum systems, is considered as the key to understand QPT. That is the purpose and motivation of the present work to investigate the behaviour of entanglement at and around the quantum critical point in one-dimensional XY spin system with DM interaction, which can display a variety of interesting physical phenomena providing new insight in two-site entanglement and the related QPT as well under the effect of the impurities of exchange couplings, external magnetic fields and DM interaction.
We consider Heisenberg XY model of N spin-
particles with nearest-neighbour interactions.
In the presence of impurities and DM interaction, [25] one-dimensional Hamiltonian is given by [19] 
where J i,i+1 and D i,i+1 are exchange interaction and DM interaction along z-direction between sites i and i + 1 respectively, h i is the strength of external magnetic field on site i, σ x,y,z are the Pauli matrices, γ is the degree of anisotropy and N is the number of sites. For all the interval 0 < γ ≤ 1 and N = ∞, they undergo a quantum phase transition at the critical value λ c = 1.
The periodic boundary conditions satisfy σ 
In this study, the exchange interaction has the form J i,i+1 = J(1 + α i,i+1 ), where α introduces the impurity in a Gaussian form centered at N + 1 2 with strength or height ζ, α i,i+1 = ζ exp − ǫ i − N + 1 2 , ǫ is the value of the width of the distribution. For J < 0, the spin chain is antiferromagnetic; for J > 0, the spin chain is ferromagnetic. The external magnetic field and DzyaloshinskiiMoriya interaction take the form
, where
we recover the pure case; when η = 0, we recover the case described in Ref. [19] . For the distributions of exchange interaction impurity, Dzyaloshinskii-Moriya interaction impurity and the magnetic field impurity, we fix the value of width of the distribution at ǫ = 0.1 in all the calculations. As the center N + 1 2 and the width (ǫ) of the Gaussian distribution are fixed, we can obtain different impurities α, β, η of the Gaussian distributions only by changing strengths or heights ζ, ξ, κ. By introducing the dimensionless parameter λ = J/2h, the symmetrical matrix A and the antisymmetrical B, the Hamiltonian becomes
The above Hamiltonian can be diagonalized by making linear transformation of the fermionic
two coupled matrix equations satisfy
where the components of the two column vectors φ ki , ψ ki are given by φ ki = g ki + h ki , ψ ki = g ki − h ki . Finally, the ground state of the system |ψ 0 can be written as η k |ψ 0 | = 0.
Using Wick's theorem, [27] spin-spin correlation functions for the ground state and the average magnetization per spin can be expressed as
where G i,j = − N k ψ ki φ kj Next, we give the expression of concurrence that quantifies the amount of entanglement between two qubits. For a system described by the density matrix ρ, the concurrence C reads [28] C(ρ) = max(0,
where λ 1 , λ 2 , λ 3 , and λ 4 are the eigenvalues (with λ 1 being the largest one) of the spin-flipped density operator R, which is defined by
ρ denotes the complex conjugate of ρ; σ y is the usual Pauli matrix. Using the operator expansion for the density matrix and the symmetries of the Hamiltonian, [29] in the basis states {| ↑↑ , | ↑↓ , | ↓↑ , | ↓↓ }, ρ has the general form. We can express all the matrix elements in the density matrix in terms of different spin-spin correlation functions.
In this study, we focus our discussion on the transverse Ising model with γ = 1. We examine Refs. [19, 21] (Fig.1) . A similar behaviour can be seen for the case of λ < 0, that is to say, the entanglement has equal value for ferromagnetic and antiferromagnetic chains with the same |λ|.
The effect of the external magnetic field ξ in the Gaussian distribution is also shown in Fig.1(b) .
However, different from the effect of the exchange couplings, the concurrence increases slowly and tends to moving to infinity by increasing the value of the parameter ξ. This is also consistent with the result in Refs. [19, 21] (Fig.1) . In Figs.1(c) and 1(d), taking DM interaction into account, we give a plot of the concurrence against exchange couplings impurity and external magnetic field impurity with D = 0.5|J|. As ζ increases, the concurrence increases slowly and the peak value decreases, which can be seen in Fig.1(c) , different from the result in Fig.1(a) for ferromagnetic spin chain. Moreover, some interesting physical phenomena occur for the antiferromagnetic chain, for example, the concurrence decreases to zero at the critical point (λ 0 ) and increases from zero to a finite steady value across the transition point. Therefore, we can further understand the relation between the entanglement and quantum transition. In Fig.1(d) , the numerical calculations show that the steady concurrence decreases with the increase of ξ for the antiferromagnetic chain, which indicates that the behaviour is very different from those in Fig.1(b 
, from the above expression, we can know the transition point shifts and is affected by the impurities of exchange couplings and external magnetic fields. For the entanglement length (or the correlation length), the position of the related maximal and minimal concurrence will shift in the same way. However, DM interactions lead to different coefficients in the first two parts of Eq. (2), so the critical point λ c occurs between
. For the case of J < 0, there exist two critical points. Of course, we can figure out exact critical value and maximum or minimum of the concurrence through solving the first order and second order derivative of the entanglement respectively.
From Fig.1 , we can see that DM interaction plays an important role in enhancing entanglement, so it is necessary to study the effect of DM interaction on the entanglement. In Fig.2 , we show the results of the nearest-neighbouring concurrence as a function of the parameter λ for DM interaction impurity at different strengths of DM interaction D. We can easily find that the competing roles played by DM interaction impurity κ, strength D and exchange couplings J (the external magnetic field is fixed) in enhancing quantum entanglement will exist in spin chain. The competing effect leads to shift of the critical point and the entanglement. The results show that when the absolute value of λ is below λ c , the concurrence only increases with |λ|, DM interaction impurities will have no effect on the entanglement once strength is fixed, i.e. exchange couplings is predominant in the competing role. The effect of weak DM interaction strength D = 0.1|J| is shown in Fig.2(a) . Contrast to the exchange couplings impurity, DM interaction impurity can enhance the entanglement, the concurrence increases and tends to move to infinity(> 0) by increasing the value of the parameter κ. It is interesting to find that the entanglement peak and steady value between the nearest neighbours with D = 0.5|J| increase to a value larger than those in Fig. 2(a) . With the increasing D, in Fig.2(c) , the concurrence decreases as κ increases.
We can imagine that there must be a critical DM strength (D c ), below D c , impurity enhances entanglement, while above D c , impurity shrinks entanglement. In other words, at some special values of the DM interactions, the entanglement varies at different critical vicinities, which is similar to the analysis in Fig.1 . The comparison among the different curve in Fig.2(d) shows that the concurrence decreases rapidly above λ c by increasing the value of the parameter κ, which is different from the results obtained from Figs. 2(a) and 2(b). That is to say, the strong D is not helpful to keeping the better entanglement for Gaussian distribution.
The effect of DM strength is demonstrated in Fig.3 by the evolutions of the concurrence. In summary, from the above analysis, it is clearly noted that the three different impurities and DM interaction strength, which play the competing roles in enhancing quantum entanglement, have a notable influence on the nearest-neighbouring concurrence in the one-dimensional s = 1 2 random XY spin system. The nearest-neighbouring concurrence exhibits some interesting phenomena. For an antiferromagnetic spin chain, there is a critical point where the entanglement is zero. DM interaction is predominant in the competing role and can enhance the entanglement to a steady value. For a ferromagnetic spin chain, the weak DM interaction can improve the amount of entanglement to a large value. However, under condition of strong DM interaction, there is a critical point D c where the impurities have the opposite effect on the entanglement 
